Abstract. An investigation emphasizing on free vibrations of steel catenary risers to determine the natural frequencies is numerically approached in this work. A model formulation is developed using the variational approach. Nonlinear equations of motion coupled in axial and transverse displacements are derived through the principle of the stationary potential energy.
Introduction
Fluid traveling through a steel catenary riser (SCR) is subjected to centrifugal and Coriolis accelerations due to the curvature and angular movement of the riser, respectively. The dynamics of the internal fluid flow affects the natural vibration parameters of an SCR, reducing even more its useful life in relation to the useful life without considering the internal fluid.
Few investigations have been conducted to study the effect of internal fluid dynamics on the global dynamic behavior of the SCRs. The problem of SCRs naturally vibrating on the effects of internal fluid dynamics is still an open research field. The present work approaches numerically the free vibration problem of SCRs.
Mathematical Formulation
The SCR is fully immersed in sea water of density ρ w and has an initial arc length equal to . The external and internal diameters are and , respectively, and the density of the riser material is . The SCR is connected to the platform and connected to the well head through hinged supports in both ends, see Figure 1 . This transports an incompressible fluid of density with constant velocity .
We consider three configurations in the mathematic modeling of the riser. The configuration 1-1 represents the riser without any load applied. The configuration 2-2 is the static equilibrium configuration of the riser when subjected to time-independent loads, and the configuration 3-3 when subjected to the action of time-dependent loads. The equations of motion of the riser are deduced using the principle of stationary potential energy that is expressed by
where and are the virtual strain energies due to axial stretching and bending moment, respectively; , and are the virtual work done by the effective weight, hydrodynamic forces, and inertial forces, respectively.
Virtual strain energy due to axial stretching
The strain energy stored at the riser due to the axial deformation is due to the axial tension on the linear elastic riser and due to the axial stress resulting from enclosing external and internal hydrostatic pressures [6] . The axial tension is defined by T and the axial stress due to the enclosing hydrostatic pressures is defined by 2 (2) where E is the modulus of elasticity. The axial strain ε is defined as (4) where = + , is the apparent axial force at the static equilibrium configuration.
Virtual strain energy due to bending
Considering that the initial configuration of the riser is a straight line, defined by linking both ends of riser, the virtual strain energy due to the bending moment is by definition
where [2] , I is the moment of inertia and is the curvature of the riser at the displaced configuration. This last term is defined by:
where is the length of a riser element at the displaced configuration. The variable ′ of Eq. (5) is obtained by applying the variational operator to ′ = ′, the definition of curvature. Finally, by substituting the equation (6) in the Eq. (5), and using the following relations, valid at the displaced configurations,
Virtual work done by the apparent weight
The apparent weight by unit of length, , is defined as
Then the virtual work done by the apparent weight is expressed by Figure 2 shows a riser element moving submerse in an oceanic current that follows the positive direction of the x axis. and are the components of velocity of the fluid incident on the riser at the normal and tangential directions, respectively. The hydrodynamic force by unit of length acting on a riser can be determined using the Morison equation expressed by:
Virtual work done by the hydrodynamic forces
where and are the drag and added mass coefficients, respectively. The first term on the right hand of the Eq. (8) is the drag force, the second term is the added mass force and the last term is the Froude-Krylov force. Then, the virtual work done by the hydrodynamic forces is expressed by Figure 2 . Normal hydrodynamic force acting on inclined riser and the displacement components of a point of riser.
Virtual work done by the inertial forces
The riser is subject to inertial forces; due to the rigid body dynamic and due to the dynamics of the internal fluid. The virtual work done by the inertial forces is expressed as
where is the acceleration of the riser, is the acceleration of the internal fluid, and are the riser mass and the internal fluid mass per unit length, respectively. The acceleration of the riser in Cartesian coordinates is given by
and the internal fluid acceleration is expressed by the following expression, detailed in [4] ,
By substituting equations (4), (5), (7), (9) and (10) in Eq. (1) and integrating by parts the resulting equation, we obtain two equations of motion: one in the x-direction and another in the y-direction. Then, those two equations can be expressed in matrix form as:
In this work an analysis of free vibration of a riser was conducted considering the following external forces: weight of the riser, buoyancy, forces due to internal fluid, and Morison's force. The last force is modelled by the second term on the right hand side of Eq. (8), and then the force vector { } becomes:
Substituting the Eq. (14) in Eq. (13), we obtain the equation of motion for free vibration In our work, we consider that the static equilibrium configuration of the riser is known. The dynamic displacement of the riser in its bottom and top ends is constrained using a hinged support. In dynamic analysis the displacement field { } is interpolated as 
Linear Free Vibration
For the study of linear free vibration, the non-linear terms of the stiffness matrix [ ] are neglected. The non-linear terms are those that containing the variables and in their formulation. Then, the Eq. (21) takes the following form:
where [ ] represents the linear stiffness matrix. Equation (22) has harmonic solution for complex eigenvalues = ± in the form { } = { ̅ } . Then the quadratic eigenvalue problem is obtained
(23)
Results
The riser properties and other parameters used in the simulations are De=0.26 m, Di=0.20 m, H=300 m, ρ r =7850 kg/m3, ρ w =1025 kg/m3, ρ f =998 kg/m3, E=2.07x10 11 N/m2, ν=0.3, Normal drag coefficient (C Dn ) and add mass coefficient (C A ) are 0.7 and 1, respectively. The Axial force applied at the top is T H =476.20 kN. Table 1 shows the linear fundamental frequencies of the vertical riser obtained for different internal flow speed with current velocity equal to 0 m/s. The results obtained in this study are compared with the results obtained in [1] and [5] . The results are in good agreement. In addition, it was studied the effect of the gyroscopic matrix on the values of linear natural frequencies. The quadratic eigenvalue problem expressed by Eq. (23) has been solved with and without the gyroscopic matrix. Table 2 present the results obtained. Following, a SCR has been simulated in order to study the effects of the bending stiffness on the linear natural frequencies. The characteristics of the simulated riser are the same used in the previous simulations with the unique addition of that the horizontal displacement of platform is 70 m. Table 3 shows the effects of the elasticity modulus and internal flow velocity on the linear fundamental frequencies of SCR. 
Conclusions
The present work deals with the problem of free vibration of catenary risers with internal flow. Results are in good agreement with results obtained by another works.
1. In the analysis of free linear vibration of catenary risers, with a fixed value for the axial force at the top and without current, it is concluded that the natural frequencies decreases with increasing the velocity of the internal fluid. Simulations were also conducted to study the effects of the modulus of elasticity over the natural frequencies of catenary risers, concluding that for a constant velocity of the internal fluid, the natural frequency increases with the modulus of elasticity E. 2. Simulations were conducted in linear vibrations without considering the effect of the gyroscopic matrix. By comparing the natural frequencies obtained with and without the gyroscopic matrix, we can conclude that for low values of internal fluid velocity, the effects of the gyroscopic matrix are negligible.
